A heap ordered tree of size n is a planted plane tree together with a bijection from the nodes to the set f1;:::;ng which is monotonically increasing when going from the root to the leaves. In a recent paper by Chen and Ni, the expectation and the variance of the depth of a random node in a random heap ordered tree of size n was considered. Here, we give additional results concerning level polynomials. From a historical point of view, we trace these trees back to an earlier paper by Prodinger and Urbanek and nd formul that are proved in the paper by Chen and Ni by ad hoc computations already in a classic book by Greene and Knuth. Also, we mention that a paper by Bergeron, Flajolet and Salvy develops a more general theory of increasing trees, based on simply generated families of trees. Furthermore we consider the path length which is a natural concept when dealing with the depth. Expectation and variance are obtained, both explicitly and asymptotically.
Introduction
A heap ordered tree with n nodes (\size n") might be described as a planted plane tree together with a bijection from the nodes to the set f1; : : :; ng which is monotonically increasing when going from the root to the leaves.
In Ref. 2] , the depth of a random node in a random heap ordered tree was considered. Here, we want to give a streamlined derivation of these results, together with new ones about the coe cients of the level polynomials. Then, we turn to the path length, which is the sum of the depths of all nodes in the heap ordered tree. Path length is the natural concept when analyzing search costs etc. (Compare Ref
]).
Finally we would like to mention, that heap ordered trees appear already in Ref. 7] where monotone labelings of trees where studied in general.
Things that are not explained here in detail are standard and can be found for instance in the textbooks. 5;6 We would like to emphasize that the present note has a strong tutorial avor as it emphasizes how heap ordered trees and related parameters should be analyzed in a most e cient, direct, and natural way.
Especially we want to draw the reader's attention to the fact that the important paper 1 develops a general theory of increasing trees, based on simply generated families of trees, where planted plane trees are just a special case. Although it emphasizes the asymptotic point of view, it has all the generating functions of interest, and getting explicit expressions (involving harmonic numbers etc.) is a complete routine task.
The enumeration of the numbers a n of heap ordered trees of size n is easy and appears already in Ref so that a n = n! 2 1?n C n :
Here and later we use the notion of a (shifted) Catalan number C n = 1 n 2n ? 2 n ? 1 :
Considering any variety of trees, the concept of splitting probabilities is a good idea. We de ne them by n;j1;:::;jk := n j 1 ; : : :; j k a j1 : : :a jk a n+1 = 2 k ? 2n n C j1 : : :C jk :
It is a simple exercise to show analytically that they indeed sum to 1, which is the same as to show that 
Level Polynomials of Heap Ordered Trees
When studying statistics on the depth of any variety of trees, it is customary to consider level polynomials L n (u). The coe cient of u k herein should be the expected number of nodes on level k, the root being on level 0, so that L n (1) = n. Compare Refs. 5] and 6].
Here, the (self-explanatory) recursion is Dividing this by C n , we nd the following theorem. } Since L n (1) = n, the quantity L n (u)=n is a probability generating function, and L 0 n (1)=n is just the expected depth of a random heap ordered tree of size n. We can perform the di erentation with respect to u, followed by the substitution u = 1, on the function L(z; u), with the result 
Path Length of Heap Ordered Trees
As indicated earlier, we now engage into the path length, i.e. the sum of the distances of all nodes to the root. Concerning the expected value, it must be the expected depth times the number of nodes. However, for the variance, such a relation does not hold; henceforth independent computations are necessary.
We can set up a sequence of probability generating functions for the path length, viz. (2) 2n ? H (2) n : Now we have enough formul at hand to get z n ]g(z). The variance is obtained via 
}
It is interesting to note that the asymptotic orders of depth (expectation and variance) are resp. log n and logn, whereas for the path length we get n log n and n 2 .
